Abstract. In this paper we derive and analyze the properties of explicit singly diagonal implicit Runge-Kutta (ESDIRK) integration methods. We discuss the principles for construction of Runge-Kutta methods with embedded methods of different order for error estimation and continuous extensions for discrete event location. These principles are used to derive a family of ESDIRK integration methods with error estimators and continuous-extensions. The orders of the advancing method (and error estimator) are 1(2), 2(3) and 3(4), respectively. These methods are suitable for obtaining low to medium accuracy solutions of systems of ordinary differential equations as well as index-1 differential algebraic equations. The continuous extensions facilitates solution of hybrid systems with discrete-events. Other ESDIRK methods due to Kvaernø are equipped with continuousextensions as well to make them applicable to hybrid systems with discrete events.
1. Introduction. In this paper, we derive and analyze a family of explicit singly diagonally implicit Runge-Kutta (ESDIRK) integration methods which can be applied for solution of stiff systems of ordinary differential equations (1.1)ẋ(t) = f (t, x(t))
x(t 0 ) = x 0 as well as index-1 semi-explicit systems of differential algebraic equationṡ x(t) = f (t, x(t), y(t)) x(t 0 ) = x 0 (1.2a) 0 = g(t, x(t), y(t)) (1.2b) in which t ≥ t 0 ⊂ R, x ∈ R n , and y ∈ R m . For notational simplicity, we discuss the ESDIRK method for (1.1), but constructed with properties such that it is equally applicable to (1.2) . A common notation for (1.1) and (1.2) is (1.3) Mẋ(t) = f (t, x(t)) x(t 0 ) = x 0 in which the matrix M may be singular. In addition it may depend of t and x(t), i.e.
M = M (t, x(t)).
Numerical methods for solution of these systems are not only of importance in simulation, but are finding an increasing number of applications in numerical tasks related to nonlinear predictive control [3, 9] . These tasks include experimental design, parameter and state estimation, and numerical solution of optimal control problems. While linear multistep methods such as BDF based implementations, e.g. DASPK [20, 35, 44] , DAEPACK [5, 19, 41, 47, 48] , and DAESOL [6] [7] [8] have been applied successfully to such problems, it has been observed that typical industrial problems related to nonlinear predictive control applications have frequent discontinuities. Therefore, one-step methods, e.g. SLIMEX [43] and ESDIRK [32] , are more efficient for the solution of such problems than linear multi-step BDF methods.
Singly diagonally implicit Runge-Kutta methods (SDIRK) are incepted by Butcher [11] and have been applied for solving systems of stiff ordinary differential equations since their general introduction in the 1970s [1, 36] . They have been provided in implementations such as DIRKA and DIRKS [17, 18] , SIMPLE [37] [38] [39] , and SDIRK4 [24] . SDIRK methods with an explicit first stage equal to the last stage in the previous step are called ESDIRK methods. They are of a much more recent origin and was first considered as a general integration method for systems of stiff systems in the years around year 2000 [2, 13, 15, 16, 34, 49, 50] . They retain the excellent stability properties of implicit Runge-Kutta methods and compared to SDIRK methods improve the computational efficiency. ESDIRK methods have been applied in implicit-explicit RungeKutta methods for solution of convection-diffusion-reaction problems [4, 29, 30, 40] , in dynamic optimization and optimal control applications for efficient sensitivity computation [31] [32] [33] , and for very computationally efficient implementations of extended Kalman filters [27, 28] .
In this paper, we derive and present a family of ESDIRK methods suitable for numerical integration of stiff systems of differential equations (1.1) as well as index-1 differential algebraic systems (1.2). The methods are characterized in terms of A-and L-stability as well as order of the basic integrator and the embedded method for error estimation. We equip the methods with continuous-extensions such that they can be applied to discrete-event systems. The paper is organized as follows. In Section 2, we present and discuss Runge-Kutta methods and the general principles for their implementation and construction. Section 3 applies these principles for construction of ESDIRK methods while we discuss other ESDIRK methods in Sections 4 and 5. The other ESDIRK methods are equipped with continuous extensions. Concluding remarks and a summarily comparison of the ESDIRK methods are given in Section 6. A companion paper discusses implementation aspects and computational properties of the ESDIRK algorithms [26] .
2. Runge-Kutta Integration Methods. The numerical solution of systems of differential equations (1.1) by an s-stage Runge-Kutta method, may in each integration step be denoted
T i and X i are the internal nodes and states computed by the s-stage Runge-Kutta method. x n+1 is the state computed at t n+1 = t n + h.x n+1 is the corresponding state computed by the embedded Runge-Kutta method and e n+1 = x n+1 −x n+1 is the estimated error of the numerical solution, i.e. e n+1 is an estimate of the local error, x n+1 − x(t n+1 ) given x(t n ) = x n . The embedded method,x n+1 , uses the same internal stages as the integration method, but the quadrature weights are selected such that the embedded method is of different order, which then provides an error estimate for the lowest order method. This order relation of the integration method and the embedded method is utilized by the error controller to adjust the step size, h, adaptively [21, 22, 45, 46] . Alternatively, the s-stage Runge-Kutta method may be denoted and implemented according to
Sometimes the notation K i =Ẋ i is used for this implementation. In (2.1) the stage values, X i , are computed iteratively by solution of (2.1b), while in (2.2) the time derivatives of the stage values,Ẋ i , are computed iteratively by solution of (2.2c). Formally, (2.1) and (2.2) are equivalent. However, (2.2) is directly applicable to index-1 DAEs (1.2) as well as implicit DAE systems making this implementation preferred over (2.1).
The s-stage Runge-Kutta method with an embedded error estimator, (2.1) or (2.2), may be denoted in terms of its Butcher tableau c A b 
Different classes of Runge-Kutta methods may be characterized in terms of the Amatrix in their Butcher tableau. This is illustrated in Figure 2 .1. Explicit RungeKutta (ERK) methods have a strictly lower triangular A-matrix implying that (2.2) may be solved explicitly and without iterations. Therefore, ERK methods have low computational cost but may suffer from stability limitations when applied to stiff problems. ERK methods should therefore be applied for non-stiff ODE problems, but not for stiff ODE problems (1.1) or DAE problems (1.2). All implicit Runge-Kutta methods are characterized by an A-matrix that is not lower triangular. This implies that some iterative method is needed for solution of (2.2). Fully implicit Runge-Kutta (FIRK) methods are characterized by excellent stability properties making them useful for solution of stiff systems of ordinary differential equations (1.1), systems of index-1 semi-explicit differential algebraic equations (1.2), as well as systems of general differential algebraic equations. However, in each integration step a system of n × s coupled nonlinear equations must be solved. The price of the excellent stability properties is high computational cost. To achieve some of the stability properties of FIRK methods but at lower computational cost, diagonally implicit Runge-Kutta (DIRK), singly diagonally implicit Runge-Kutta (SDIRK), and explicit singly diagonally implicit Runge-Kutta (ESDIRK) methods have been constructed. For the DIRK methods, the internal stages decouples in a such a way that the iterations may be conducted sequentially. This implies that in DIRK-methods, s systems of n nonlinear equations are solved instead of one system of s× n nonlinear equations as in the FIRK method. In the SDIRK methods, the diagonal elements are identical such that the iteration matrix may be reused for each stage. This saves a significant number of LU-factorizations in the Newton iterations. In the ESDIRK method, the first step is explicit (c 1 = 0 and a 11 = 0), the internal stages 2, . . . , s are singly diagonally implicit, and the last stage is equal to the next first stage (c s = 1). This implies that the first stage is free and that the iteration matrix in stage 2, . . . , s can be reused. Practical experience with ESDIRK methods shows that they retain the stability properties of FIRK methods but at significant lower computational costs. In addition, ESDIRK methods are often constructed such that they are stiffly accurate, i.e. a si = b i for i = 1, 2, . . . , s (note b s = a ss = γ). This implies that the last stage is equal to the final solution, x n+1 = X s , and that no extra computations are needed for solution of the algebraic variables in (1.2). Furthermore, stiffly accurate methods avoid the order reduction for stiff systems [42] . Stiffly accurate ESDIRK methods with different number of stages and order can be represented by the following Butcher tableaus
As is evident from the above Butcher tableaus, stiffly accurate ESDIRK methods with s stages need only to compute s − 1 stages as the first stage is equal to the last stage of the previous step. 
The forced ODE (1.1) can always be transformed into an autonomous system of ODEs (2.3) using
Runge-Kutta methods must satisfy the consistency condition (2.6a) to integrate the time component correctly, i.e. to have exact equivalence between the forced system (1.1) and the autonomous system (2.3). The order conditions are usually derived considering a scalar autonomous system. This is simpler and loses no generality compared to the vector case. Let T denote all rooted trees and let T (p) denote the set of rooted trees with order less or equal to p, i.e. T (p) = {τ ∈ T : r(τ ) ≤ p}. Some functions on rooted trees are listed in Table 2 .1. We call these trees for Butcher trees since they were first used by Butcher to derive order conditions for Runge-Kutta methods [10, 12, 14] . The advantage of Butcher trees is that the order conditions can be derived from these trees and it is significantly easier to write up all Butcher trees to a given order than ab initio derivation of the order conditions from Taylor expansions. The number of nodes (dots) in the tree corresponds to the order, r(τ ), and the symmetry, σ(τ ), is easily inspected for a tree by labelling the nodes. The density, γ(τ ), is computed by multiplying the orders of each subtree rooted on a vertex of τ , e.g. γ(τ 7 ) = 4 · 3 · (1 · 1) = 12. The matrices, Λ(τ ), can also be derived by inspection of the Butcher trees. Λ(τ ) is constructed as follows: a vertex connecting to a node with no further subtrees corresponds to multiplying by C, while a vertex connecting to a node with further subtrees corresponds to multiplying by A. As an example consider the tree τ 6 . The first vertex going to the left ends on a terminal node and therefore corresponds to multiplying by C. The first vertex going to the right does not end on a terminal node and corresponds to multiplying by A, while the next vertex on this branch of the tree ends on a terminal node and corresponds to multiplying with C. Hence, Λ(τ 6 ) = CAC. Φ(τ ) and Ψ(τ ) are defined as Φ(τ ) = b ′ Λ(τ )e and Ψ(τ ) = Λ(τ )e. The elementary weights F (τ ) are also easily derived from the rooted tree (see Table 2 .1).
Using Butcher trees and assuming x(t n ) = x n , the order conditions for RungeKutta methods are derived by comparing the Taylor expansion of the exact solution
and the Taylor expansion of the numerical solution (2.5) [12, 14] . τ denotes the rooted tree, r(τ ) the order, σ(τ ) the number of symmetries, and γ(τ ) the density computed by multiplying the orders of each subtree rooted on a vertex of τ . Λ(τ ) are elementary weights derived under the consistency assumption Ae = Ce. Φ(τ ) and Ψ(τ ) are defined by Φ(τ ) = b ′ Λ(τ )e and Ψ(τ ) = Λ(τ )e. F (τ ) denotes an elementary weight of τ , e.g. of its use:
which is obtained by Taylor expansion of f (X i ) in (2.1) around x n . The method has order p if the local error is 
Using the order conditions (2.6), the special structure of the Butcher tableau of ES-DIRK methods, and the A-and L-stability conditions, we can derive ESDIRK methods of various order. It turns out, that these conditions do not always determine the methods uniquely. Therefore, we consider the simplifying assumptions of Runge-Kutta methods as additional design criteria [10, 12, 23] B(q) :
The conditions B(p) are part of the conditions for order p and therefore not included twice. We disregard the conditions D(q). This leaves the conditions C(q). We note that C(1) corresponds to the consistency conditions (2.6a) and k = 1 is not included in C(q). C(q) implies that the internal stages has order q, i.e. [24] . For ESDIRK methods, c 1 = 0 and c s = 1. The order conditions ensure that numerical solutions at these points are of order p. Therefore, we do not enforce C(q) at these points and this leaves the following additional design conditions
implying stage order q for the stages i = 2, 3, . . . , s − 1. The methods considered in this paper has stage order 2, i.e. they satisfy (2.9)C(2) :
In particular, for ESDIRK methods,C(2) implies that the second stage, i = 2, satisfies (2.10)
Along with having A-and L-stability, the methods considered in this paper satisfy the consistency and order conditions (2.6) as well as stage order 2 conditions (2.9).
Continuous Extension.
The ability to efficiently compute a numerical approximationx(t n + θh) to x(t n + θh) for θ ∈ [0, 1] is important for hybrid systems with discrete events as well as in creating dense outputs for plotting and visualization purposes.x(t n + θh) is called a continuous extension of the Runge-Kutta method. It is computed as
. . .
The continuous extension is of order q ifē(t n +θh) =x(t n +θh)−x(t n +θh) = O(h q+1 ) for x(t n ) = x n . To construct a continuous extension of order q, we determine the coefficient matrix,B = [b k ] k=1,2,...,q , such that it satisfies the Runge-Kutta order conditions
If the order, q, of the continuous extension is equal to the order, p, of the advancing integration method we requirex(t n + h) = x n+1 which corresponds to the condition
Similarly, if the order, q, of the continuous extension is equal to the order,p, of the embedded method we requirex(t n + h) =x n+1 which corresponds to the condition
Consequently, the coefficients,B = [b k ] k=1,2,3,4 , for the continuous extension of order 1-4 may be obtained as the solution of a linear system in the following form 
and the solution computed by solving (2.16)
⊗ denotes the Kronecker product, vec denotes vectorization of a matrix, I q is a qdimensional unity matrix, and e ′ q = 1 . . . 1 ∈ R q . We have used the relation vec(ABC) = (C ′ ⊗ A)vec(B) in the derivation of (2.16). The horizontal and vertical lines in (2.15) indicates which parts to retain for various order of the continuous extension.
Other conditions may be considered as well for construction of the continuous extension, i.e.x(t n + c i h) = X i which leads to a condition of the type
and this may be incorporated in the linear system in a similar way to the incorporation of (2.14). A derivative condition,ẋ(t n + c i h) =Ẋ i , requires satisfaction of a linear constraint of the type
in which e i = 0 . . . 0 1 0 . . . 0 ′ ∈ R s with the unit entry in the ith coordinate.
Stability
with I being the unity matrix and e = 1 1 . . . 1 ′ . An integration method is said to be A-stable if its transfer function R(z) for the test equation is stable in the left half plane, i.e. if |R(z)| < 1 for Re(z) < 0. This implies that for Lyapunov stable test equations, i.e. Re(λ) < 0, the numerical solution, x n = R(hλ) n x 0 , obtained by the integration method will converge to the mathematical solution, x(t n ) = e hλ n x 0 with t n = nh.
An integration method is said to be L-stable if its transfer function, R(z), for the test equation is A-stable and in addition satisfies 
Since Q(z) is of degree s − 1, the requirement of L-stability corresponds to a zero coefficient for the term z s−1 in the numerator polynomial, i.e.
(2.25)
The stability function of a stiffly accurate s-stage ESDIRK method is identical to the stability function of an (s-1)-stage SDIRK method [24, 34, 36] . Hairer and Wanner [24] provide regions of A-and L-stability of SDIRK methods. These regions and conditions are translated into conditions for stiffly accurate ESDIRK methods and listed in Table 2 .2.
The last column in Table 2 .2 indicates the location of the second quadrature point, T 2 = t n + hc 2 , provided stage order 2 is required for the second step, i.e. c 2 = 2γ for order p = s − 1 ≥ 2. For one-step methods it is reasonable for computational and implementation reasons to require the quadrature points to be within the step, i.e. t n ≤ T i ≤ t n + h which implies 0 ≤ c 2 ≤ 1 or 0 ≤ γ ≤ 1 2 . From Table 2 .2 it is apparent that this condition along with the requirements of A-and L-stability imply that s-stage ESDIRK methods with order p = s − 1 exist for s = {2, 3, 4} but not for s = 5. In the cases s = {2, 3, 4}, the requirements determine γ uniquely.
3. ESDIRK Integration Methods. In this section, we apply the order conditions (2.6) and the conditions for A-and L-stability to derive stiffly accurate ESDIRK methods of various order. In addition, we equip these methods with continuous extensions.
ESDIRK12. The stability function of a two stage ESDIRK method is
L-stability requires the order of the numerator to be less than the order of the denominator. Hence, L-stability gives the requirement The order and consistency conditions for the two-stage ESDIRK method becomes Consistency / Order 1:
Order 2:
It is apparent that the only second-order method is b 1 = γ = 1 2 (the Trapez method). This method is A-stable, but not L-stable (b 1 = 0). Hence, the maximum order of a two-stage L-stable stiffly accurate ESDIRK method is 1. This method has the coefficients b 1 = 0 and γ = 1, i.e. it is the implicit Euler method. This method is also A-stable. The second order method embedded in this implicit Euler method must satisfy the conditions
The embedded method is uniquely determined asb 1 =b 2 = 1 2 , i.e. as trapez quadrature. The embedded method has the stability function
which is neither A-nor L-stable. However, this is of little concern since it is the output of the basic integration method that is used for the next step. The embedded method is merely used to estimate the error provided within a single step. Consequently, an A-and L-stable stiffly accurate ESDIRK method with twostages consists of the implicit Euler method as the basic integrator and trapez quadrature for estimation of the error. The ESDIRK12 method may be summarized by the Butcher tableau The continuous extension of ESDIRK12 can be of order 1 or 2, respectively. In the case of order 1, the continuous extension must satisfy the order 1 conditions. The additional degrees of freedom is used to impose the conditions b i (θ = 1) = b i . These conditions uniquely determines the order 1 continuous extension as
The order 2 continuous extension of ESDIRK12 is uniquely determined by the conditions for order 1 and 2:
It should be noted that b i (θ = 1) =b i for i = 1, 2 in the case of the order 2 extension.
ESDIRK23.
The stability function of the 3-stage stiffly accurate ESDIRK integration scheme is
To have L-stability, the numerator order must be less than the denominator order in the stability function, i.e.
(3.10)
The consistency requirements for the ESDIRK23 scheme are
and the order conditions of ESDIRK23 are Order 1:
Order 3:
The consistency condition (3.11b) and the order condition (3.12a) are identical. Hence, the consistency and order conditions for order 3 provide a system of 5 nonlinear equations, (3.11a) and 3.12), in 5 unknown variables {c 2 , a 21 , γ, b 1 , b 2 }. This system has two solutions corresponding to γ = 3± √ 3 6 . None of them are L-stable. Instead we aim at constructing a method of order 2. In addition we require that stage 2 has order 2, i.e. that the conditions However, it turns out that (3.14d) is linearly dependent of (3.14c) as c can be uniquely determined as:
The transfer function of the embedded method is
which is neither A-nor L-stable. This ESDIRK method, called ESDIRK23, may be summarized by the Butcher tableau:
The continuous extension of order 2 withx(t n +h) = X 3 = x n+1 cannot be determined uniquely but has one-degree of freedom left. If we use the spare degree of freedom to satisfy the additional requirementx(t n + c 2 h) = X 2 we get the following unique 2nd order continuous extension
The continuous extension of order 3 is given uniquely and is It satisfies the 3rd order conditions andx(t n + h) =x n+1 . It is not possible to construct a 3rd order continuous extension satisfyingx(t n + h) = x n+1 = X 3 .
ESDIRK34.
We have developed the methods ESDIRK12 and ESDIRK23 in a quite detailed way. The same can be done in the development of ESDIRK34. However, we will develop the method in a direct way applying the results of Table 2 .2. There exists no A-and L-stable stiffly accurate ESDIRK method with 4 stages of order 4. According to Table 2 .2, the diagonal coefficient γ = 0.43586652 of the A-and Lstable stiffly accurate ESDIRK method is unique. In the following we will determine the coefficients of ESDIRK34 such that it is A-and L-stable, stiffly accurate with order 3 of the advancing method and order 4 of the embedded method. Continuous extensions to this method will be developed as well.
The stability function of a 4 stage stiffly accurate ESDIRK integration method is
which implies that a requirement for L-stability is
The consistency conditions (2.6a) are
and the conditions for order 3 of the advancing method are Order 1:
Stage order 2 for the stages 2 and 3, i.e.C(2) (2.9), gives the additional relations
(3.23a)
Along with the requirement of A-stability, i.e. When the coefficients of the advancing method have been determined, the conditions for order 4 gives the following linear relations thatb must satisfy
The solution,b = b 1b2b3b4 ′ , to this over-determined linear system exists and is unique. The coefficients of the error estimator is determined as d = b −b. The embedded method has the stability function
which is neither A-nor L-stable.
The developed 4-stage, stiffly accurate, A-and L-stable ESDIRK method of third order with an embedded method of order 4 is called ESDIRK34. It is summarized by 
with the coefficients listed in Table 3 .1. In particular the location of the quadrature points should be noted, i.e. 0 = c 1 < c 3 < c 2 < c 4 = 1 which shows that c 2 > c 3 .
Using the procedure introduced in Section 2.2, construction of different continuous extensions has been attempted. There exists no 2nd order continuous extension 
and |R(∞)| = 1.609 > 1. This method is called ESDIRK32b. The unique continuous extension of order 2 for ESDIRK32b satisfyinḡ x(t n + c 2 h) = X 2 ,x(t n + h) = X 3 , andẋ(t n + h) =Ẋ 3 has the coefficients
2. ESDIRK 4/3 with 5 stages. This method is represented by Butcher tableau (4.1) and has coefficients provided in [34] .
In the case x n+1 = X 5 , γ = 0.5728160625 and |R(∞)| = 0.5525. This method is called ESDIRK43a However, c 2 = 2γ > 1. Therefore, we disregard this method as it is not useful as a general purpose ESDIRK integration algorithm applicable to discrete event systems.
In This method is called ESDIRK43b. There exists no continuous extension of order 3 that in addition to the above conditions is equal to the internal stage values of ESDIRK34, i.e. satisfiesx(t n + c 2 h) = X 2 or/andx(t n + c 3 h) = X 3 . This nonexistence observation holds even if the conditionẋ(t n + h) =Ẋ 4 is relaxed.
4.3. ESDIRK 5/4 with 7 stages. Kvaernø [34] provides two embedded ES-DIRK methods with 7 stages. They are of order 5 and 4, respectively. For both methods, the advancing method is L-stable and stiffly accurate, while the embedded method for error estimation is A-stable and stiffly accurate.
We will not pay further consideration to these methods as linear multi-step methods are usually preferable for high-accuracy solutions.
5. Other ESDIRK Methods. Williams et.al [49] constructed an ESDIRK method of order 3. This method is constructed such that it is applicable to index-2 differential algebraic systems. This method is represented by the Butcher tableau and we call it ESDIRK32c. However, this method is not suitable as a general purpose method applicable to discrete-event systems as c 3 = However, since the embedded method of ESDIRK45c is not of order 5, the behavior of error estimators and step size controllers are uncertain. Due to such implementation considerations, we do not give further consideration to ESDIRK45c.
6. Conclusion. The properties of the ESDIRK methods discussed are summarized in Table 6 .1. The advancing method is an all cases stiffly accurate as well as A-and L-stable. ESDIRK43a and ESDIRK32c are not suitable for discrete-event systems as some of the quadrature points are outside the interval of the current step. ESDIRK45c is disregarded as the order of the embedded method is uncertain. This yields unpredictable behavior of the step size controller in an implementation of the method. ESDIRK54a and ESDIRK54b are high order methods intended to obtain solutions of high precision. Linear multi-step methods are usually regarded most suitable for such integration tasks. The remaining ESDIRK methods have been equipped with continuous extensions such that they can be applied to discrete-event systems. They are suitable to obtain low to medium accuracy solutions of stiff systems of ordinary differential equations as well as systems of index-1 differential equations.
A family of ESDIRK methods suitable for integration of stiff systems of differential equations as well as index-1 systems of differential algebraic equations have been constructed. The integration methods of order p are A-and L-stable as well as stiffly accurate. The embedded methods for error estimation are of order p + 1. They are neither A-nor L-stable. This is of little concern, since local extrapolation is not applied, i.e. the next step is computed using the basic integration method of order p. The methods have s = p + 1 stages, but the first stage is the same as the last stage in the previous step (FSAL). Hence, the effective number of stages in the methods is s − 1. Methods have been constructed for p = {1, 2, 3}. These methods are called ESDIRK12, ESDIRK23 and ESDIRK34, respectively. In addition, the methods are equipped with a continuous extension that satisfies the order conditions of the basic integration method. Therefore, the continuous extensions have the same order as the basic integration methods.
